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Yang—Mills Fields as Optical Media
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A geometrization of the Yang—Mills field, by which an SU(2) gauge theory
becomes equivalent to a 3-space geometry—or optical system—is examined. In
afirst step, ambient space remains Euclidean and current problems on flat space
can be looked at from anew point of view. The Wu—Yang ambiguity, for example,
appears related to the multiple possible torsions of distinct metric-preserving
connections. In a second step, the ambient space also becomes curved. In the
generic case, the strictly Riemannian metric sector plays the role of an arbitrary
host space, with the gauge potential represented by a contorsion. For some field
configurations, however, it is possible to obtain a purely metric representation.
Inthose cases, if the space is symmetric homogeneous, the Christoffel connections
are automatically solutions of the Yang—Mills equations.

1. INTRODUCTION

Our main intuitive guide to interactionsiis, ultimately, the nonrelativistic
idea of potential. We recall, for example, the phenomenological potentias
used with reasonabl e successin low-energy hadron spectroscopy: a Coulomb-
like term, plus a linear potential providing for the confining behavior, are
thought to represent the nonrelativistic limit of the time components A?, of
the gauge potential in chromodynamics. The Wilson-loop criterion for con-
finement gives potentials of that kind in the nonrelativistic limit, and is
thereby justified. There are, however, great advantages in the use of the
(temporal, or Weyl) gauge A%, = 0, which is obviously incompatible with
such a view. The merits of this gauge (Feynman, 1977) are particularly
relevant when associated to the Hamiltonian formalism (Jackiw, 1980). The
major qualitative characteristics of gaugefields, such asshielding and confine-
ment, are nowadays believed to be essentialy nonperturbative, and the best
approach available to consider global aspects is precisely the Hamiltonian
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formalism. On the other hand, the impossibility of thinking in terms of a
potential inhibits intuition. It would be nice to have some other qualitative
guide in its stead. This paper is intended to call attention to the possibility
of—at least in some cases—using a geometrical optics analogy. A static
sourceless SU(2) gauge field configuration can, in the temporal gauge, be
“geometrized” to become equivaent to a metric plus a torsion on 3-space.
A metric on a 3-space is a simple optical system (Guillemin and Sternberg,
1977), as it can be seen as the dielectric tensor ¢; of a medium to which
torsion will add some defects (Aldrovandi and Pereira, 1995). An optical
picture, with refractive indices and defects taking the place of potentials,
could be an aternative source of ideas.

Geometrization of the SU(2) theory was proposed by Lunev (1992), and
by Freedman et al. (1993; see al'so Haagensen, 1993, and Johnson, 1992) in
a tentative to arrive at a description of gauge fields in terms of invariants.
In particular, it was part of a program (Freedman et al., 1993) to solve a
great problem in the quantization of the Hamiltonian scheme—the implemen-
tation of Gauss' law. In that pursuit some assumptions were made which
were not necessary to the simpler aim of establishing a geometrized version
of the theory. We present in the following a minimal approach, using only
the hypotheses strictly necessary to that particular end. It turns out that, in
the generic case, the metric sector is highly arbitrary and acts as a “host”
space, on which the “guest” gauge potential is represented by the contorsion
tensor. For some field configurations, however, it is possible to choose a
metric which alone contains all the information.

We begin by recalling the main aspects of the Hamiltonian approach to
Yang—Mills theory, in which time and Euclidean 3-space E® are clearly
separated. We show then how to transcribe the field equations into those of
ageometry on R3. Complete geometrization would |ead immediately to gauge
theories on curved spaces. We proceed consequently in two steps. In thefirst,
only the indices related to the Lie algebra are “geometrized,” while ambient
space remains the flat space E3. The main geometrical ideas are already
present, but we remain able to discuss questions turning up in flat space.
Some of them are seen under a new angle. For example, the Wu—Yang
ambiguity is related to the multiplicity of torsion tensors with a fixed curva-
ture. In the second step, also the ambient R? is endowed with a new, rather
arbitrary metric. The Yang—Mills equations appear then written on curved
spaces. If such spaces are torsionless homogeneous symmetric spaces, their
very Christoffel connections are solutions. In such cases, the full geometriza-
tion exhibits field configurations which are completely equivalent to simple
optical systems. The group really considered is SU(2), for which the geometry
unfolds itself in a quite natural way. In our notation, Greek indices run from
0to 3 and Latin indices from 1 to 3.
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2. HAMILTONIAN FORMALISM

In the Hamiltonian approach (Faddeev and Slavnov, 1978; Itzykson and
Zuber, 1980; Ramond, 1981) to the Yang—Mills equations, the canonical
coordinates are the vector potential components A%, and, once the Lagrangian

¥ = —%FawF aw} is given, the conjugate momenta Hak are the electric fields:
Na‘ — (2 — Fa0 — Ea — gipa0 _ H0pa 4 fa, Abi ACO (1)
890 A3, ©
The action can then be rewritten in the form
s=2 f dx tr[aOA E+ % (E? + B?) — AaOGa(x)] @)
where
Ga(X) = Dk Eak = akEak + fabCAbkECk (3)

(we have profited to define the derivative D,). A constraint, a redefinition
of terms, and two dynamic equations come out. The first two are as follows:
(i) The Gauss law, which states the vanishing of (3):

Ga(X) = 8kEak + fabCAbkECk = 0 (4)
[where we see that A, is, in action (2), a Lagrange multiplier enforcing
Gauss' law].
(ii) The expression of the magnetic field in terms of A,

Baj = %Eiijajk = €ijk(aj Aak + %fabcAbjAck) (5)
The dynamic equations are Hamilton's equations:
(iii) The time variation of the vector potential,
%%A&i = _Eai - BiAaO + fabcAbOACi (6)
(iv) Ampere's law, here in the role of the force law:
CEES = (VX BYY + el A+ o A @

Consider now the gauge A§ = 0. The Hamiltonian is
H= %J d3x tr[(E2 + B?)] (8)

A dstatic A% leads to E? = 0. Gauss law is automatically satisfied and
Ampere's law reduces to
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(V X B)aI + EijkfabcAbjBCk =0 (9)

Notice that (5) fixes B once A is given, but not vice versa. This is the
Wu-Yang ambiguity (Wu and Yang, 1975): many inequivalent gauge fields
A?; can correspond to the same magnetic field B%. A consequence is that the
B2 cannot be used as coordinates.

3. STEPPING INTO GEOMETRY

Let us stress beforehand that many different metrics can be defined on
the same space (for us, “space” will mean only a differentiable manifold).
The best examples of such a metric multiplicity are provided precisely by
optical systems (Luneburg, 1966), whose treatment is greatly eased by the
simultaneous use of the Euclidean metric §;; of E and of the dielectric tensor
€;j. | sotropic mediahave ;; = n?3;;, with n the refractive index and correspond
to conformally flat 3-spaces. Notice that by E® we understand the usual
Euclidean metric space, the space R® of real ordered triples endowed with
its unique differentiable structure and with the additional proviso that length
measurements are performed supposing that ds? = §; dx' d¥ = dx® + dy?
+ dz%. Anoptical system will be the same differentiable manifold R, but with
optical lengths instead, measured with the dielectric metric dI* = €; dx' dx!.
Another example is given by the group SU(2), whose manifold is the 3-
sphere S°. It has the “natural” spherical metric which comes up when $* is
seen as an imbedded submanifold of the Euclidean space E*, but it has also
the Killing—Cartan metric vy, = 8, Which is more important from the
algebraic point of view.

Now, looking back at what comes out in the Hamiltonian formalism:
The only equations remaining in the static case are (5) and (9). They can be
easily rewritten in terms of a spatial geometry in the following way. First,
we notice that both the spaces involved are 3-dimensional, on which vectors
are equivalent to antisymmetric 2-tensors. Indices can betrivialy “dualized.”
We can redefine the gauge potential as the connection

0% = €A% (10)
with curvature
Rabij = €acb|:°ij = eijkeacb Bk (11)
in terms of which (5) becomes
Ryj = 0i0% — ;0% + 0w — 0?joS (12)

We find immediately that, for any object of index type W2,
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[Di, Dj]Wa = RabijWb (13)

Second, we notice that the tangent space to the sphere SU(2), with the
metric vy, IS isomorphic to E2 and, consequently, to the space tangent to
the ambient space on which the differential equations are written. There are
actually infinite such isomorphisms, each one realized by a dreibein field
h? (we shall be using the letters a, b, ¢, ... asisotopic spin indices and i,
i, 1S, ...asambient spaceindices). A dreibein field, together with itsinverse
h,, can be used to change tensor indices as in

R i = hrahbsRabi i (14)

Connections, however, are not truly tensorial. Only the last (in our notation),
derivative index is a covector index. The other are not, and are trandated
according to

Fijk = hia(.l.)abkhbj + hicakhcj (15)
This comes from the requirement that the covariant derivative remain covari-
ant under change of basis. The connection w?@, would represent, in the absence
of torsion, the Ricci rotation coefficients (Chandrasekhar 1992) or, if we

borrow from the usual treatment of the Dirac equation on curved spaces, the
spin connection. With the abovetransformations, equations (5) and (9) become

Rrsij = aiF'S,- - ajrrg + Frkil"ksj - Frkjl"ksi (16)

and
6,R’S|J + Frk]ngJ - FijRrkij - O (17)
where now al theindicesrefer to the ambient space. Notice that the dreibeine
are quite arbitrary. Equation (16) simply defines R'g; as the curvature of the
connection I''g, but the nine equations (17), stating Ampere's law, keep their

dynamical role.
Another characteristic of the connection, its torsion, will be given by

Taij = aihaj - ajhai + (J.)acihcj - (J.)acjhci (18)

or, after transmuting the indices,
Tkij = - Fk[”] (19)
We are introducing the notation [ij ] for antisymmetrized indices without any

numerical factors, and we shall use (ij) for symmetrization. This will lead,
for example, to the identity

I =3 () + M) (20)

Some formal expressions are of interest to ease manipulations: first,
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I'; = hD;h% (21)
and its consequence
Tk = hDgh?d;; (22)
Equation (13) implies
R'sj = ha[Di, Dj]h (23)

Finally, the Bianchi identity for torsion,
DiT% = R (24)
The dreibein field will define a metric on R® by
gj = Yah?ih’ (29)

Thismetricisautomatically preserved by I';. Indeed, the metric compatibility
condition (which means that the metric is parallel-transported by T')

09 = Lij + Lk = Tje (26)

is a simple conseguence of (15).

Thus, in the transcription of Yang—Mills fields into a spatial geometry
induced by adreiben field, the gauge potential istransmuted into a connection
which automatically preserves the metric defined by the dreibeine. Given a
dreibein field and the original A, the connection I' is unique. This is due to
the Ricci lemma (Greub, 1972), which reads. Given ametric g and any tensor
of type TX;, there is one and only one connection which preserves g and has
torsion equal to TX;.

Both curvature and torsion are properties of a connection (Kobayashi
and Nomizu 1963). There are in principle an infinity of connections which
preserve agiven metric g;. Of all these connections only one, the Levi-Civita
connection I', has vanishing torsion (a weak version of the Ricci lemma).
The others differ from that privileged one precisely by their torsions. The
components of the Levi-Civita connection are the well-known Christoffel
symbols

I =30 [0ig + 9;Gr — 0,05 (27)
The strictly Riemannian curvature R will be
°Rr5ij = aif’g - ajfrg + f‘rkif‘ks' - f‘rkjf‘ksi (28)

A connection exhibits torsion in the generic case. Now, given a general
connection I'Y;; preserving a metric g, it can always be written in the form
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Fkij = fkij - Kkij (29)

where K¥; is its contorsion tensor. Any two connections differ by some
tensor, but here metric compatibility gives an extra constraint: contorsion is
fixed by the torsion tensor,

KS = [TS + T + T;i' (30)

This comes from the comparison of two expressions for I": one obtained
by substituting (26) in (27) three times; the other by using (20) in (29). As
both T and K are tensors, this relationship holds in any basis. Notice that the
decompositions (20) and (29) are not the same. The two last terms in (30)
show a symmetric contribution of contorsion to I': Kk = Tg)% In
consequence,

Ty = T — T (31)
and
Iy = =Ky = = T (32)
The property
K(ki)j = 0 (33)

follows from the fact that " satisfies (26) independently.
The presence of torsion changes curvature. Indeed, the total curvature
(16) is

R = R — My (34)
where
Mg = iK'y — 0K'g + ITyK"g + Ky — TrKng — Kyl
— K"Ky + KKy (35

We have thus obtained a geometrized version of the Yang—Mills system
in Euclidean space. The original SU(2) connection A has been transformed
into a linear connection on E3, which will be “felt” by SU(2) nonsinglet
particles. Notice that, once a particular dreibein field is used, g;, I', and
R'y; are fixed. The metric being arbitrary, the trivial choice would be a flat
host space: I' = 0, R = 0. In that case, the equations reduce to

Mrgj = aiqu - ajKrs- - KrkiKkS' - Krijij
GJ-M’S-j - Krk] Mksij + KkSJMrk,J =

These are just the equations (5) and (9) we started from, with the gauge
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potential transmuted into a contorsion by trivial dreibeine. Only the indices
related to the gauge Lie algebra have been changed into 3-space indices up
to now. And, as we treat the new indices (r, s, . . .) on an equal footing with
the original, holonomic ambient 3-space indices (i, j, ...), what we are
actually doing is to choose a new basis for the algebra at each point of the
ambient space (in thelanguage of the sixties, we are geometrizing the “internal
space”). This is better understood if we consider the complete expressions
of the algebra-valued differential forms involved. In (14), for example, what
we have is

R = $J°R%; dx' Odx! = 1J.°h%hs,R'g; dx' O dx!
= %JrS(X)Rrsij dXi O dX]

We remain, for the time being, on the original flat space. We shall later
discuss the meaning of “geometrizing” the ambient space indices as well.

A few words on the Wu-Yang ambiguity. Two distinct gauge potentials
which have the same curvature are called “copies.” It should he said, to begin
with, that there are no copies in the relationship between I' and R. There
exists always around each point p a system of coordinates in which =0
at p, so that the usual expression R = dI" + It reduces to R= dF which
can be integrated to give locally T in terms of R This is analogous to
the equivalence principle which protects standard genera relativity from
ambiguity, but holds only for symmetric, torsionless connections. On the
other hand, general linear connections exhibit copies in a natural way, as
they can, in principle, have the same curvature and different torsions. For
example, each solution K'g (if any) of M'g; = 0 in (35) will lead to a copy
of the Levi-Civita connection. Instead of solving this equation, however, it
is simpler to take the difference between the two Bianchi identities, which
leads to an algebraic condition for the nonexistence of copies (Roskies, 1977;
Calvo, 1977). Though powerful general results have been found on the
problem (Mostow, 1980; Doria, 1981), there seems to be no simple, system-
atic, calculating view of the problem.

Suppose now we start with two distinct potentials Aand A" and transcribe
them into 3-space geometries using the same dreibein field. Asg and I" will
be the same, their difference will be in their contorsions. This will lead to
different curvatures and torsions. If, however, A and A’ have the same curva-
ture, only torsion will remain to distinguish them. Thus, copiesare“classified”
by torsions. This is trivia for linear connections, but the good thing about
the geometrization given above is exactly that: we can transfer to gauge
potentials, which are connections related to internal groups, some of the
properties of the linear, external connections.
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Notice also that discussions on the ambiguity are not, in general, con-
cerned with solutions and mostly ignore the dynamic classical equations.
Nonsolutions are very important because they appear as off-shell contributions
in the quantum case. The geometric formulation has been used to produce
examples of continuous sets of copies (Freedman and Khuri, 1994).

We study now cases in which it is possible to choose the metric so as
to completely absorb the gauge field.

4. ISOTROPIC OPTICS

Each choice of dreibeine will provide a different transcription into a 3-
space geometry. A natural question is whether it is possible to choose them
so as to absorb the gauge field entirely in the metric sector alone, dispensing
with the torsion field. Is it possible to transmute the gauge field into pure
optics? This would mean finding a dreibein field inducing a metric whose
Levi-Civita connection I" coincides with the transcript I' of A

Consider dreibeine of the form

h% = 8%f(r) (36)

where f(r) is any function depending only on the distance r to some fixed
origin. The metric they define,

gj = &[f(n)]? (37)
has the Levi-Civita connection
1af

Iy = (3%% + 8% — §;x o or (38)
with curvature
o 1of (2 1 of
Ra =53, <? + ?5> (885 — 8'idg)
LA [e _aat_2(aty
raflore ror flor
X (8% % — g XX — diXXs + dgXX;) (39)

Looking for solutions of the Yang—Mills equations, we take (38) and
(39) into (17) and find

2 3
9%f 1 (of 5 of 9% 5 [of
ars rf (ar) foror? f2 (ar) 0 (40)

Using equations (15) and (10) in (38), we find the potential
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1 of
Adj = _ﬁ 5 €dijk (41)

From (39), (14) and (11) we have the magnetic field

2
20f 4 [of 1 0%
d — §d | = — 4+ = | —] — = —
B 8J[rfar f2<ar> farz]

L L[ _1at 2ty

reflor2 ror flor
Any solution of (40) will lead to asolution of (9) given by (41) and (42).
Let us discuss a few particular cases. Consider f(r) = 1/r9, defined in

al points of space except r = 0. The result of introducing it into (40) is an
equation for q,

] X x4 (42)

92-91-q=0 (43)

which three obvious solutions. Casesq = 0O and g = 2lead to trivial solutions:
both the potential and the curvature are zero in the first case, and the second
correspondsto anonvanishing potential with zero curvature. Theonly nontriv-
ial solutionisq = 1, f(r) = 1/r, the well-known Wu—Yang monopole (Wu
and Yang 1975)

o= e X (44)
J k2
XX

B = — r—f (45)

Expressions of the type exp(£r9), exp[1/(1 — qgr)], exp[/(1 — r 9], and
exp(xqr?) are only red solutions for g = 0. Expressions of the type
[r/(1 — gr)] and [r/(1 — qr?)] have only complex solutions for g. The
monopole is the only nontrivial solution found. No torsion is necessary in
this case. There is a metamorphosis of the gauge field into an isotropic
optics with refractive index n = 1/r. It has been possible to choose a “host”
Riemannian background which entirely incorporates the gauge field. In that
case, there can exist no copies (the copy exhibited by Wu and Yang appears
in the presence of a source current).

In the example above we have taken a solution of the classical field
equation. Solutions or not, general field configurations of the form

Aaj = _Eajkak In n(X) (46)

are taken by the dreibeine h? = 82n into connections which coincide with
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the Christoffel symbols of the corresponding metric g; = &;n® There is
something curious about such cases. a system of coordinates exists in which
asymmetric connection vanishes. Thereis consegquently akind of equivalence
principle for this type of gauge field: by ajudicious choice of dreibeine, and
then of coordinates, the potential (though not the field strength) can be made
to vanish.

5. PROBING INTO INTERNAL SPACE

We can use some genera characteristics to investigate the “internal
geometry” obtained. Geodesics, for example, have a strong mathematical
appeal, and are much used in gravitation to describe general qualitative
properties of spaces. It is natural to ask whether they have some role here.
In the pure-optics case, as the light-ray equation, the geodesic equation does
provide an intuitive picture of the system.

From the strictly metric-Riemannian point of view, the geodesic equation
for the genera case,

% + lo“‘jkvjv" = TylvivK (47)
can be seen as a kind of force law. The right-hand side would vanish for
shortest-length curves. As it does not, shortest-length curves are not self-
parallel. Notice that the affine parameter s has nothing to do with time, and
v isonly a unit vector tangent to the curve. No physical particle is expected
to follow such a path.

On the other hand, parallel transport is taken into parallel transport by
the geometrizing transcription. A test particle in a gauge field is described
by (i) its spacetime coordinates and (ii) an “interna” vector | = {l;} giving
its state in isotopic space. The corresponding dynamic equations (Wong,
1970; Drechdler and Rosenblum, 1981) are (i) the generalized Lorentz force
law, which for a unit mass reads

d3x» dx,

— auy ___~
02 IF T (48)
and (ii) the so-called charge-precession eguation,
dl ax+
R J’- _ =
T A, X1 = 0 (49)

The latter says that internal motion is a parallel-transport and a precession,
as 12 is conserved. Its transcription,
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d oo
— + Fljkljvk B

DIl
ds bs Y

Ds

says that the transcript of | precesses parallel-transported by I' aong the
transcripted curve. If wetakefor | acurrent | = kv, it givesjust the geodesic
equation. As to the Lorentz law, it takes the form

MLy =

s 2 ISRV =0 (50)
Thisexpression, with avel ocity—curvature coupling, ismore akin to the Jacobi
than to the geodesic equation. It impliesthe conservation of v2. Combining the
geodesic equation with the charge-precession equation, we find

dii v)
ds 0

Thus, | keeps constant its component along a geodesic.

6. FULL GEOMETRIZATION

In all we have done previoudly, the original, ambient space indices have
been preserved. Only algebra-related indices have been “geometrized.” This
has the advantage of simplicity, asall the expressions are written in the initial
holonomic basis of ambient space. That space remains what it was, the
Euclidean 3-dimensional flat space, and solutions eventually found will be
solutionsin flat space. We can now proceed to a complete transmutation into
curved space, including the ambient space. We identify the two original
Euclidean flat spaces and use the dreibeine to pass entirely into the new
space. Thiswill lead to more involved expressions, as everything will appear
written in the anholonomic basis defined by the dreibeine. It will have,
however, a double merit: we shall be able to speak really of optics, and new
solutions will turn up. Indices of both spaces, internal and ambient, become
of the same kind and can be mixed, asthey arein general relativity. A typical
example of such mixing is the so-called cyclic identity for the Riemann
tensor, which comes from (24) when T2 = 0.

To work in an anholonomic basis is, on the other hand, a troublesome
task. Thus, after performing the complete transposition, it will better to choose
a coordinate basis again. Coordinates of a 3-space are functions with values
in ES. It is particularly interesting to choose the original ambient space
coordinates as coordinates of the new space because, except for the terms
involving derivatives, all the above expressions remain formally the same.
Thus, (17) becomes
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1
Jidl

Noticethat thisequation isthe transcription of the static Ampére equation
(9), aparticular case of the Yang—Mills equationsin 4-dimensional spacetime.
Degspite its aspect, there is a priori no reason for it to have any specia
significance by itself. It so happens, however, that (51) is precisely the
sourceless Yang—Mills equation on the 3-dimensional curved space with
metric g. This equation is defined (Nowakowski and Trautman, 1978) on
any space asthe natural generalization of theflat case: the covariant coderiva-
tive of the curvature equals zero (Aldrovandi and Pereira, 1995):

9 [VIgl R4l + I'yRT — TXR'g) = 0 (52)

O OR+ 04T, (Rl = 0 (52)

where [Jrepresents the Hodge star operator. Some attention must be paid to
the signature of the “host” metric, but in any sourceless case the equation
has the component form (51).

Here comes its main interest: it is known (Nowakowski and Trautman,
1978; Harnad et al., 1980) that the sourceless Yang—Mills equation on a
symmetric homogeneous space is solved by the corresponding canonical
connection. In consequence, any 3-dimensional homogeneous symmetric
space will provide a solution for (51). These connections are torsionless, so
that we come back to pure optics. Furthermore, they have constant scalar
curvature. Purely Riemannian spaces of constant curvature are not so many:
they are those hosting the highest possible number of Killing vectors. Given
the metric signature and the value of the scalar curvature R, there is only
one such “maximally symmetric” space (Weinberg, 1972), provided torsion
isabsent. A negative constant total scalar curvature would establish the space
as a hyperbolic space. Thus, once a complete transmutation is performed,
each symmetric homogeneous space will provide an optics which solves the
Yang—Mills equation. The simplest 3-dimensional cases are the sphere S°
and the hyperbolic spaces. These would be the cases of static Yang—Mills
eguation in Friedmann (respectively closed and open) model universes.

Consider, to start with, the hypersphere S in E*, given in Cartesian
coordinates {£} by =i, (£)? = (£)? + (£ + (89 + (£%)% = 1. Wecan
project it stereographically from the point £ = +1 (its “north pole”) into
the hyperplane E 3 tangent at the point £ = —1 (the “south pol€e”). This will
provide every point of the hypersphere (except the north pole) with coordi-
nates X< = 2&4(1 — &%) on R3. It is a direct adaptation of the Riemannian
metric of S on the Euclidean space, with the north pole corresponding to
all the points at infinity. Introducing r? = X22_,(x)? and calculating the line
element ds?> = X ,(§*)? in these stereographic coordinates, we obtain the
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spherical metric ds? = g; dx' dx), where g; = n?(x) &;, withn = 1(1 — £
= 1/(1 + r?). Thiscaseiswell known in geometrical optics, where, with nthe
refraction index, it leadsto the perfectly focusing Maxwell fisheye (L uneburg,
1966). It does not lead to any bounding in space, as the sphere is taken onto
the whole of R3. It is a conformally flat space, as the new metric is at each
point proportional to the Euclidean metric.

Take now a hyperbolic space in E4, given by (£%)? — (£8)? — (£%)? —
(&%)2 = 1. It consists of two branches, each one a Lobachevski space. The
points £ = +1 and £&* = —1 are now the lowest point of the upper branch
and the highest point of the lower branch. The stereographic projection leads
now to a metric g; = n%x)d; with the refraction index n = /(1 — r?). In
other words, given a hyperbolic metric on R3, it is dways possible to find
a coordinate system {x} in terms of which the metric is g; = n*(x)d;;, with
n as above and r2 = =2 ,(x)2. Higher dimensional analogues are the anti-de
Sitter spaces, which may exhibit properties analogous to perfect focusing
(Hawking and Ellis, 1973).

There are two kinds of hyperbolic space, the one-sheeted and the two-
sheeted. Now, it is a well-known fact that in the two-sheeted case the above
stereographic coordinates divide R3 into two parts, one for each branch of
the hyperbolic space (Aldrovandi and Pereira, 1995). One of them is a ball,
a Poincaré space, the interior (r < 4) of a sphere & (wherer = 4), the other
(r > 4) its complement in R3. The geodesics are easily computed, and better
suited to get some intuition about what happens, showing an “optics’ with
some great differences with respect to Maxwell’s fisheye. This shows a
“confining” behavior, which is a globa effect of the hyperbolic geometry.
Locally, one could be misled by intuition, as neighboring geodesics tend to
approach each other in the spherical case, thereby simulating an attraction,
and to separate from each other in the hyperbolic case (Arnold, 1978). The
bounding sphere & itsdlf is a singular region, corresponding to the infinite
regions of both branches. It plays the role of a “natural” bag. Of course,
there is no reason to believe that test particles will follow geodesics, but
actually al continuous paths starting inside the region are trapped within it.
Thereisanother point: the metric g; becomesinfinite on the bounding sphere,
so does the magnetic field B, and, consequently, the energy density in (8).
Space is in this way divided into two regions separated by a barrier on
which the energy density diverges. This “confinement” remains, of course,
of academic interest, because it only occurs when the ambient space is
hyperbalic.

Summing up: A Yang—Mills field can, under certain conditions, be
described as an optical medium on 3-space. This fact leads to an aternative
to the usua potential picture as a source of ideas and physical intuition.
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